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The Kinetics of Product Inhibition in the Ternary-Complex
Mechanism for Enzyme Reactions Involving Two Substrates
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Relationships for the effects of product-inhibition on steady-state
kinetic Dalziel coefficients obtained for enzymes operating by the
random-order ternary-complex mechanism for two-substrate reactions
have been derived. They show that Dalziel coefficients, in general,
are non-linear functions of the concentration of the product used as
inhibitor. At low product concentrations Dalziel coefficients become
linearly dependent upon the inhibitor concentration. Product-linear
Dalziel coefficients can be related to velocity constants in the random-
order mechanism through diagnostically valuable equations which
are of general applicability within the mechanism, and which permit
the formulation of some useful kinetic criteria.

A large number of enzymes catalyzing reactions involving two substrates
operate by a sequential mechanism in which a ternary enzyme-substrate
complex is formed as an obligatory intermediate in the catalytic process. Kinet-
ic data for such systems have usually been interpreted in view of relationships
derived for two special cases of the generalized ternary-complex mechanism
shown in Scheme 1, the rapid-equilibrium random-order case!,2 and the
compulsory-order case.! Alberty has shown that these cases can be differen-
tiated by examination of the kinetics obtained in presence of either of the reac-
tion products.® The product-inhibition technique also makes it possible to
identify the leading substrate in a compulsory-order sequence, and has been
adopted as a standard kinetic method for the elucidation of reaction mecha-
nisms in ternary-complex systems.

The product-inhibition pattern has, however, only been established for
symmetric cases of the ternary-complex mechanism, and cases in which sub-
strates combine to the enzyme in compulsory order while products dissociate
in random order (or vice versa) have not been considered. Furthermore, recent
investigations have established that rate-equations derived under assumptions
of rapid-equilibrium or a compulsory order of addition of substrates only re-
present opposite extremes of the general Dalziel rate-behaviour inherent in
Scheme 1.%,% This means that the existence of non-equilibrium random-order
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cases conforming to a Dalziel type of rate-equation has also to be considered
in diagnostic interpretations of initial-velocity and product-inhibition data
for enzymatic ternary-complex systems.

Scheme 1. The generalized ternary-complex mechanism considered in the present in-
vestigation. E, S; and S, stand for enzyme, substrates, and products, respectively.

Due to the biochemical importance of the ternary-complex mechanism,
it is of great interest to investigate and describe the corresponding reaction
kinetics in a sufficiently general way to permit a conclusive evaluation of
kinetic data within the limits given by the fundamental reaction sequences
shown in Scheme 1. The steady-state kinetic asymptote theory ®7 has made
it possible to analyze the initial-velocity kinetics of Scheme 1 in such a gener-
alized way,® and has now been used to establich product-inhibition patterns
in the mechanism. The analysis has been restricted to cases giving rise to a
Dalziel type of rate-equation with respect to the substrates, and general
relationships describing the effect of product concentrations on Dalziel coeffi-
cients are derived and discussed.

RESULTS

The asymptotic Dalziel equation for the mechanism in Scheme 1. The reaction
shown in Scheme 1 will only be explicitely considered in the forward direction,
complementary relationships for the reverse reaction being obtained by inser-
tion or deletion of primes on velocity constants and other kinetic symbols.

The full steady-state reciprocal rate-equation (reciprocal molar reaction
velocity y as a function of reciprocal substrate concentrations z,=1/[S,],
i=1, 2) for the mechanism in Scheme 1 in the absence of Sy’ (product inhibi-
tion by S,’) was derived using a computer program based upon the method
described by Schultz and Fisher,® and is given by

_ (Booza® + B2z + Po2)21® + (Bro2e® + Braza + P12)21 + Bao?a® + Par?e )
®1121%9 + ®19%; + %12y

Y

where the coefficients a;; and f£; are polynomials of the first or second degree
in [S,’] as indicated in Table 1. Relationships between coefficients a;;, and
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Table 1. Functional dependence of coefficients in eqn. (1) on the concentration of the
product used as inhibitor.

°‘11=°‘110'|'"‘111[81:]
1= G+ °‘121[81,]
g =0g19+ 0314{S;]

Boo= Boo+ ﬁool[sll,] + BooalS 1IJ2
Bor= B+ ﬂou[sl,] + B12[8,]2
02 = Pogo + Po21 1] ,
ﬁ10=ﬁloo+ﬂlol[sl/]+ﬂloz[sl]z
ﬂll=ﬁllo+ﬁlll[sl,]+ﬂlll[sl,]z
12= Brao+ Bia1 1
Ba; = Baoo + BaoalS:

Bar= Baro+ Ba1a[S,']

Table 2. Relationships between coefficients oy, and Bijx in Table 1 and velocity constants
in Scheme 1.

ay1o=(krk_oks+ k-lkzku)kk—x’k—zl(k—a’ +k_y")
ayyr= (kak_oks + k_ Kok, )k, ho_y'k,

ay29= Kakesk ok le_, (k_g’ +k_,)

tygy =gkt kk_ k_y 'k,
aa1g=kikakkk_y'k_y'(k_y’ +k_)

Og11= klkakakk—l'k—slka/

Bovo=Fk_rk_sko_y ko_y'[(k_s+k_,) (k' + ko' +k_g) + k(k_y' +k_)]
Boor=F_sk_oki' ke ' [(le_g+k_) (k' +k_y +k_) +le(l_y + k_ )]+
R yk sy leg [(fog + o) (k' + K_y') + Kk _y']
Booa=F_rk_ok: ky[(lo_s+ k_o) (k' + k_y") + kle_y']
Boro=F_rkooke_yo_y [(k g+ ) (k' + ko’ + k') + B(k_y’ +k_/)] +
+k_ghogk sk _y[o_y(k'+k_y' +_y) + k(k_y +k_")]
Bon=F_sleske, ke_y'[k_y(k'+ho_s' + by + o(k_s’ +h_,)] +
+h_glesk_y Ky [k_y (k' +Fo_y) + klo_g"] +
Fho_ykgk_ Ry [(k_a+E_) (K +k_y') + kk_y']
Bora=le_glogle, b, [k_y(k' + k_y') + kke_y')
Boso=looksk_y 'k [k (k" +k_y' +k_)) + (kg +F_,"])
Boar=lkalegle_ 'k, [le_ (k' +Fk_3') + kk_y']
Broo=1Tork_alo_y Fo_y [ (k_g+To_ ) (k' +ley’ +Fo_) + h(k_y + k)] +
Fh_ylegfo_y T o [l_s(k +F_y +k_)) + k(k_y +h_")]
Bin= k~1k4k1/k—z,[k—s(k’ +k_y' + k_)+k(k_s + k_ )1+
th_yledo_y k' Tk_o(k' +k_g’) +Fh_y'] +
+ Rk ok _y kg [(k_s+k_g) (K +Fo_y) + kho_y']
ﬁmz =k_ 1k4k1,k4l[k—a(k’ + k—a,) + kk—sl] , ,
Brrg= (ko _shog+ k_ ook ) l_y oo/ (k+ ' +h_g" +5_ )+ B(k_ ) k_y +F_g'k_y')] +
+ (Rylogk_y+ kok _sk)lo_k_o' (K +k_y' +k_)) +
+kglofck_y k_y (fe_y’ +K_y) )
Burr=(kiko_sfos + bo_yhokey) b 'bo," (b + K" +F_y') + kk_s'k,"] +
+ (bylogk_y ++ ok _shey)ho_y ke, (' + ke_y) +
+ kglogo[foyk_y (k_s”+ k_) + b_y'k_s'k,]
Bria= ksk,:kkx,k—a'k;' ,
Buag=lRgkglo[lo_y bo_g" (K" + K o'+ _) + E(l_y ko_y’ +F_y'h_ +k_y'k_5")]
Biar=kokskofo, Tk_\/(k+ k' +k_y') + kk_y']
Bao= k 1"741‘7— llk—z,[k-s(k, +k_s' + k—-al) +k(k_s’+ k—al)]
Bror=kylek_y ke [k_s(k’ + ke_g') + kk_y']
Baro=leskey[k_y'ke_o' (K" +To_y' + k_/) + E(le_yTo_y’ +h_y'l_y +H_y'k_y")]
Bovi=hylesk ey [k_ )/ (k+ K + k_y’) + kle_y']
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B in these polynomials and velocity constants in Scheme 1 are listed in Table
2. Velocity constants are restricted by the thermodynamic identity

kesk_gksk_g = k_ykok_sk, (2)
and using the notation
K= kfk_; (3)
the thermodynamic equilibrium constant K, for the reaction in Scheme 1
may be written 2
K., = K\ K;k|K,'K,'}' (4)

Eqn. (1) is, in general, non-linear with respect to z, and z,, but may under
certain conditions become experimentally indistinguishable from a reciprocally
bilinear relationship of the Dalziel type, which will always be ap-
proached asymptotically at low substrate concentrations:®

Yos = oo + 418121 + dobszy + 419810212, ()

¢; refer to the Dalziel coefficients obtained in absence of products, and 4;
stand for the perturbation factors by which the Dalziel coefficients are modified
in presence of S,

According to the asymptote theory, Dalziel coefficients 4,4, in eqn. (5) are
related to coefficients in eqn. (1) through &7

419612 = Bool*11 (6)

411 = (Bor — %12412010) 21 (7)
Aoy = (Bro — %a1412019) /211 (8)
dodo = (P11 — 2214181 — 21adapa)foyy (9)

It follows from eqn. (6) and the relationships listed in Table 1 that

19612 = (Booo + Booa[S1'] + BooalS1' 1)/ (@110 + 2111[81]) (10)

and it is, similarly, evident from Table 1 that the expressions on the right hand
side of eqns. (7)—(9) represent non-linear functions of [S,’]. The presence of
a product will thus, in general, affect Dalziel coefficients for the ternary-
complex mechanism non-linearly, and eqns. (6)—(9) may be applied as soon
as deviations from a linear dependence of Dalziel coefficients on [S,’] are sig-
nificant.

Asymptote relationships for the reaction in Scheme 1 in absence of S,’
product inhibition by S,’ are, due to the symmetry of the mechanism, entirely
analogous to those given for inhibition by S, and will not be considered here.

General relationships between product-linear Dalziel coefficients and coeffi-
cients in eqn. (I1). Product-inhibition data in ternary-complex mechanisms are
usually evaluated in terms of theoretical or empirical relationships in which
Dalziel coefficients are linearly dependent on the concentration of the in-
hibitory product, and the detailed analysis of eqns. (6)— (9) will be restricted
to such product-linear cases. Rewriting eqn. (10) as
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Ayabis = g_ogg + °‘11oﬁ001a— :‘111»3000{81'] +
110
(®110°Boos + *111°Booo — *130%111B001)[S1T? 11)
%310%(%110 +%111[8;])
and observing that ¢,,= fygo/*110,°> it can be seen that deviations from the
linear relationship

19812 = 12 + [S1'H{*110B001 = %111 8000} /%110 (12)

are negligible at low concentrations of the product S,’. It, similarly, follows
from eqns. (7)—(9) and Table 1 that all of the Dalziel coefficients become ap-
proximately linear functions of [S,’] at low product concentrations, and the
following relationships are obtained:

A1¢1 = ¢; + [Sy' Hor10(®110B8011 — ®1118010 — %120B001 — %121 5000) +

+

+ 20111%190Bov0} %110 (13)
dypy = by + [S1'Ke110(*110B101 — %1118100 — %210B001 —'“211ﬁ000) +
+ 201 1%210B000} /#1106 (14)

dodo = o + [S1'He110*Pr11 — Bo111%190%2108000 —
— #330%(®1118110 + %1208101 + *121B100 + *210B011 + *211B010) +
+ 20190(%111%1908100 + %111%2108010 t %120%210B001 +
+ %150%211 8000 + *121%2108000)}/%110" (15)

General relationships between product-linear Dalziel coefficients and velocity
constants in Scheme 1. Inserting the expressions for o, and By, listed in Table
2, and using the identity given in eqn. (2), eqn. (12) may be written

A4+ RK,  k/k_/R'ER
Aiobia = 1o + [S 4 Gk
12¢12 ¢12 [ 1 ]{ Ky k——z Kl K3’C

The quantities 4, 4, R, and R’ have been defined elsewhere,® and are inter-
related through

(16)

kA + R) = k'(4’ + R') an
Hence eqn. (16) may be written | '

. , A/+RI k__ 'R"\2
dypd12 = P12 + [Sy ]{ x T ( ,t 7 ) }/Keq (18)
3 2

which is identical to 8

Ayop1a = b12 + [S1'1y'[Keq (19)

It has previously been shown that K. =d,,'/¢;,,° and insertion of this into
eqn. (19) yields

Ay9h1a = ¢1a(1 + [S, 1 [P12") (20)
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From a diagnostic point of view, different special cases of the general
ternary-complex mechamsm m Scheme 1 can be characterized by positive
quantities p,, p,, p,’, and p,” which have been defined and discussed else-
where.® Introducing these quantities into eqn. (20), the perturbation factor
4,5 becomes

4 =1+ K/'[S;'I(1 + py’) (21)
A similar treatment of eqns. (13)—(14) yields
4, =1+ K [S,'I(ps" + p1)[(1 + py) (22)
4y=1+ K'[S,'l(ps" + p)/(1 + p,) (23)
whence it follows that
< 4,4, < 44, (24)

Examination of eqn. (15) under conditions where Dalziel kinetics prevail,
t.e. where the difference y —y,, defined by eqns. (1) and (5) is negligibly small
in comparison to y, shows that the presence of S;" will affect the zero-order
Dalziel coefficient ¢, only when k_,'<k_,". In such cases eqn. (15) reduces to

Aoty = by + K [S,'11 + K[k + Ky’ [ky") [k_y (25)

DISCUSSION

Basic restrictions for the asymptote relationships. The full rate-equation for
the random-order ternary-complex mechanism in Scheme 1 is of the second
degree with respect to both substrates and both products,? whereas kinetic
data for ternary-complex systems usually are evaluated in terms of empirical
first-degree relationships of the Dalziel type. This has previously made it
difficult to correlate empirieal data to kinetic parameters referring to Scheme
1, except in a number of special cases for which the theoretical rate-equation
reduces to a first-degree relationship. The recently developed asymptote theo-
ry,>~7 however, provides a general method for relating parameters in empirical
first-degree equations to coefficients in higher-degree theoretical rate-equa-
tions, and has been successfully applied to Scheme 1 for the derivation of
generalized relationships for Dalziel coefficients obtained in the absence of
products.® The present investigation shows that empirical Dalziel coefficients
obtained in the presence of one of the reaction products, similarly, can be re-
lated to velocity constants in Scheme 1 in a unique way through relationships
which include any possible case of Dalziel rate-behaviour inherent in the
mechanism. Conditions justifying reduction of a higher-degree theoretical
rate-equation to an empirical Dalziel equation have previously been discussed
in detail and will not be considered here.5.

Eqns. (6)—(9) imply that Dalziel coefficients, in general, are non-linear
functions of the concentration of the product used as inhibitor, which is a
consequence of the fact that the full rate-equation is of the second degree with
respect to each product. Explicit general expressions for the non-linear de-
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pendence of Dalziel coefficients on product concentrations can be derived from
eqns. (6) — (9) using the relationships listed in Tables 1 and 2, but are too com-
plex to be of any evident diagnostic value. The product-linear eqns. (21) — (25),
on the other hand, provide a valuable basis for the interpretation of product-
inhibition data in the usual experimental situation. Application of these
equations is justified as soon as it has been experimentally established that
Dalziel coefficients vary linearly with the concentration of the inhibitory
product. They can also be applied in cases of product non-linearity, provided
that perturbation factors 4; are estimated from the initial slope in plots of
Dalziel coefficients versus the product concentration.

Product-inhibition data for the forward reaction in Scheme 1
must, evidently, show some kind of correlation to initial-velocity data for the
reverse reaction. Eqn. (20) gives a very obvious, previously not recognized,
expression for such a correlation in stating that the proportionality factor
for the effect of [S;'] on 4,,— 1 always equals the quotient ¢,'/¢,,". This means
that the magnitude of 4,, (and hence according to eqn. (24) upper limits for
the magnitude of 4, and 4,) can be anticipated for any product concentra-
tion as soon as initial-velocity Dalziel coefficients for the reverse reaction have
been determined. Since eqns. (20) and (24) are of general validity for product-
linear Dalziel cases inherent in Scheme 1, they also provide useful criteria on
the validity of the assumption of product-linearity, and on the consistence
of product-inhibition data with Scheme 1.

Diagnostic value of the product-linear asymptote relationships. It has previ-
ously been shown for the mechanism in Scheme 1 that the information ob-
tained on steady-state kinetic studies in absence of products primarily con-
cerns the magnitude of the mechanism-characterizing p-values, which can be
estimated from quotients of Dalziel coefficients by comparison with equi-
librium constants for the combination of substrates and products to the en-
zyme.® p, and p, (as well as p,” and p,’ for the reverse reaction) may attain any
positive value, although both cannot simultaneously be larger than unity.
A mechanism of the rapid-equilibrium type corresponds to the ultimate case
in which p, = p,=0, compulsory-order mechanisms to the extremes p,=0 and
Py >1 or wvice versa, while a mixed type of mechanism is at hand when either
Py Or p, or both are in the order of unity.

The present investigation shows that product-inhibition studies in ternary-
complex mechanisms primarily yield the same kind of information, and thus
may be a valuable complement to initial-velocity studies for the purpose of
establishing magnitudes of p-values and hence the type of the mechanism.
The perturbation factor 4,, is, according to eqn. (21), dependent exclusively
upon the kinetic character of the product-side of the mechanism and may be
used to estimate the magnitude of p,” by a comparison with K, (p,” may be
estimated similarly from kinetic data obtained on product- inhibition by S,’).
4, and 4,, on the other hand, are dependent upon the kinetic character of
both the substrate-side (p;,p,) and the product-side (p,’) of the mechanism,
as expressed by eqns. (22) and (23). The latter perturbation factors have pre-
viously been interpreted exclusively in terms of relationships prescribing that
they equal either unity or 4,,, but the present investigation shows that 4, and
4, may attain any value between unity and 4,,. This means that product-
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inhibition experiments in ternary-complex mechanisms preferably should be
evaluated in terms of a complete Dalziel equation. Evaluation of effects of the
inhibitory product on apparent K,-values and maximum activities with re-
spect to one substrate at a single fixed concentration of the other will be of
less informative value, and may lead to the neglectance of kinetic terms which
become of significant magnitude at higher concentrations of the fixed substrate.
As was mentioned above, eqns. (21)—(25) are of general validity within
Scheme 1. Not only do they include the product-inhibition patterns previously
described for symmetric rapid-equilibrium or compulsory-order cases inherent
in Scheme 1, but they can also be used for evaluation of product-inhibition data
in asymmetric mechanisms and in mechanisms of a mixed type on either or
both sides of the ternary complexes. Product-inhibition data for ternary-
complex systems should, therefore, always be interpreted in terms of the
generalized eqns. (21)—(25), and any simplification of these relationships to
those obtained for extreme cases, such as the symmetric compulsory-order
mechanism, should be justified and supported by experimental evidence.
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