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Molecular Vibrations in Nonsymmorphic Crystals

II. Symmetry Coordinates for P2,/b (C,,°)
0.S. BORGEN, D. FREMSTAD, B. MESTVEDT and 9. RA

Institute of Physical Chemistry, The Technical University of Norway,
N-7034 Trondheim, Norway

P2,/b symmetry coordinates are listed for every wave vector
associated with symmetry elements in the Brillouin zone. Free
molecule symmmetry vectors for C,;, cases appear as a byproduct.

This is the second paper in a series aimed at the reporting of symmetry
coordinates for molecular vibrations in nonsymmorphic crystals. Using the
theory of multiplier representations, the induction of irreducible representa-
tions from little groups, the properties of projection operators; and adhering
to the notation laid down in a previous article ! we devote the present one to
a study of

SPACE GROUP P2,/b (Cy,)

G forms part of the monoclinic system. G/T is 2m (C,,), and the vector
group is simple Bravais. We write for the basic vectors of the direct lattice

a, = (24,2t,,0); a, = (0,22,,0); a, = (0,0,2%,)
and for the fundamental periods in wave vector space
by = 7(1t1,0,0); by = a(tt, ['t:2t,26,71,0); by = 7(0,0,3t,71)

Furthermore,

G/T = {Sv S4: 525, st}

with
1 0 0 I 0 O 1 0 O
Sa=]0 T 0[,S=]0T 0/],8,=[010
0 0 1 0 0 1 0 01

and

V(S,) = (0,0,%,); V(Sy5) = (t,'ty,%t,);
V(SZS) = (ltx,lty’o) )
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We have one general set composed of four positions, i.e.
Rl(l) = (X’y,z) > Rz(l) =(X,y,z + 3tz)
R,® = (x 4 1ty,y + 't;,2) ; RO =(X -4,y — t,,2 —3t,)

and four special sets; each one made up by two sites as follows

RO = 154 %,4%) 5 RO =t 1, 171
R® = (it — 116,4%,) 5 RO = (1%, +11,0%)
RO = @6d,d%) 5 RO = Ahdh,4%)

R = (4, +34,37%) R = (6, — 14,4%)
The nonvanishing blocks of monomial supermatrices constituting reducible
representations of Py can be obtained from

R® R® R.® R®  R,® R®
[S,1V(Sy)]—> {R;a) R.® R® R ° Ry R »T€ {2345

R® R® R® R® _ RO R®
[S25/V(Sg5)]1~> {R:(D R® R® R® ° R® R® »T€{2345

R® R® R® R®  R® R,®
[S25V(Ses) 1~ lR;a) R:(l) Rf(l) R:a) ; R;c) R:u) » T€ {2,3,4,5}

With the preliminaries set down we study first the
Symmetry at k,=(0,0,0).
Py, = Gi,/T = {81, 84, S5, Sz}
I'd® =34, + 34, + 3#3 + 37,
I'® = 3%, + 37, 1 € {2,3,4,5}
Evidently, every d(S;)=1 in this case. Symmetry combinations are given by

1111 2,,’:1 8;1 142 24. 87'31 l.i.‘a l.l’:a 8;: lf‘ lf‘ a.;‘
3 0 0 3 ) 0 0 0 3 0 0
0 3 0 0 3 0 0 3 0 0 3 0
0 0 3 0 0 3 0 0 b 0 0 by
¥ 0 o ¥ o0 o } 0 0o t o0 o0
0 ¥ 0 0 3 0 0 3 0 0 3 0
0 0 1 0 0 3 0 0 Fy 0 0 1
3 0 0 Y 0 0 3 0 0 3 0 0
0 by 0 0 3 0 0 3 0 0 3 0
0 0 3 0 0 3 0 0 3 0 0 3
3 0 0 b 0 0 1 0 0 3 0 0
0 by 0 0 bt 0 0 3 0 0 3 0
0 0 bt 0 0 bt 0 0 Y 0 0 %

= (ES,W(k,),
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and
T T A )
V32 V3
b 0 0 5 0 0
V2 vz
0 b} 0 0 - 0
_ = {Espm(kﬂ}’
Ve Ve
<5 0:- 0 ) 0_. 0
o P 0 0 F o
and

{ES_®(k,)} = {ES,@(k,)} for r € {3,4,5}

Symmetry at K5 = §by = w316, /1t26,,326,71,0)
Py, = {815 84 Sas Sge)
I'® = 3%, + 87y + 3#5 + 37,
I'o =3+, + 37, forr € {2,4}
I'o = 3+, + 3%, for r € {3,5}

Here d.®(S;)= —1 for r e {3,6}; j e {1,2}; fe {25,28} whereas the remaining
d®(S,)’s equal unity. Furthermore, we have {ES ®(k,3)}={ES ®(k,)}, and
{ES O(ky3)} ={ES ®(k;)} for re{24}. For re{3,5} we can still use
{ES,®(k;)} on the condition that the heading is changed into

l,f.l 2 3,;.1 1,;.3 214.3 3

71 73
Symmetry at Ky = piby + pyby = w(u, 't — po't 126, 1,2t,72,0)
Ph = {Sn st}
T = 67, + 67y I'O = 3%, + 3%, 1 = {2,3,4,5}
4PV =d® =d,®=d,® = p, = 1, = n,* = ek
dy® = dg® = dy® = d,® = n* = p,* = 1,3
d,® = gy = e 2 d,0) = g,%;
d,® = 5, = einGut2p; 4,0 = p.*,

With the convention that o(r). ={2(1 + Re(n,))}}™" we have

L?l !41 34! 1?’ 2,’, 342
o(r)4(1+ 1) 0 0 o(r)_(1—n,) 0 0
0 o(r) (1+ ;) 0 0 o(r)_(1—n,) 0
0 o(r)_(1—n) . 0 0 o(r) (1 + ;)
o(r) 4+ (1 + n*) 0 0 o(r)_(1—n*) 0 0
0 o(r)+(L+n*) 0 0 o(r)_(1—n*) 0
Y o(r)_(1—n*) 0 0 a(r) (14 n%)

T ={ES;(k)); r=2,5}
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e+t (D2 o 0 0 0 0 (*h—1
0 ("4—p ()2 o 0 0 0 0
0 0 th—p)"(1)2 o0 0 0 0
0 0 0 e+t o0 0 0
0 0 0 0 (k=1)(D2 o 0
0 0 0 0 0 (&-D(D2 o
Ct+DHD2 0 0 0 0 0 (fuk—1
0 (&4—-D(D°2 o _ 0 0 0 0
0 0 (k=10 (D2 o 0 0 0
0 0 o (4Dt o 0 0
0 0 0 0 (*e—1)"(1)0 0 0
0 0 0 0 0 (*4—1)~(1)2 0
N e Ty Tde S4e T2 LS

and

(W lsa =
(e o 0 0 0 0
M+t D2 0 0 0 0
0 e+t (e o 0 0
0 0 ("«—1) (D2 o 0
0 0 0 Ceb+DT ()2 o

_ 0 0 0 0 (k+DH (Do
(1) o 0 0 0 0
(h+D D)2 o 0 0 0
0 (Gk+DTo o 0 0
0 o (-2 o 0
0 0 o (“+DTMne o

0 0 0 0o (k+pDT()0
um‘n nm-v .—.m.n um‘— -m.ﬁ
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Symmetry at Ky = p;by + poby + by = mw(u Mt — pat M2ty w71 334,77)

The k, results extend to this case without amendments.
Symmetry at Kg = ugbg = 7(0,0,1,3t,73)

Pks = {Sl’ 84}

d®=d,® = n*=eimm; re {1,2,3,4,5}
d3(]) = dz(‘) =1nr= {1,273:4’5}

Defining o, ={2(1 % cos(nus))t}~, the symmetry coordinates read

141 "?1 8.?1 1,,’.'n I,F’ I,F’
o_(1—-n%) 0 0 oy (l+9% O 0
0 o_(l—n* O 0 oy (l44% O
0 0 o (1+1*) 0 0 a_(1—n*)
= {ES,W(k,); r = 2,5}
o_(1—1n) 0 0 o (1+n) 0 0
0 o_(1—1n) 0 0 o (l+mn) 0
0 0 g (1+1) 0 0 o (1—-1n)
and
o M M M My *, %, ‘% 5, 4
—n*) 0 0 0 0 0 o (l+7% 0 0 0 0 0
o_(l—=g* 0 0 0 0 0 o (147% 0 0 0 0
0 o, (1+7* 0 0 0 0 0 o(1—7% 0 0 0
- 0 0 0 0 0 o (l+n) O 0 0 0 0
o(l—n) 0O 0 0 0 0 Lo(l+m) 0 0 0 0
0 o (1+n) O 0 0 0 0 oa_(1—-9) 0 0 0
0 0 o (l-n) O 0 0 0 0 o (14+7) 0 0
0 0 0 o_(1-7) 0 0 0 0 0 o, (l4+7n) 0
0 0 0 0 o,(1+7) 0 0 0 0 0 o_(1—-7n)
0 0 o (l1—n* O 0 0 0 0 o,(1+9* O 0
0 0 0o (1—7% 0 0 0 0 0 o .(1+9% O
0 0 0 0 o, (1+7% 0 0 0 0 0 o (1—7n%
{ES,(k,)} T

Symmetry at kg = b, + pusbg = m(3t:72,0,45%,71)

This case is already covered by the k; results; which statement holds true also

for

k5 = %bZ + ﬂabs = ﬂ(% lgy/lt’xzty’% 2ty__l’ /13%2—1)

and

kg =$by + by + pgby = (G — 16, 1676, §26,7 4’ Y)

Acta Chem. Scand. 26 (1972) No. 7
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Symmetry at Kg = 3b; + $bg = n(} 14,71,0,43t,77)
Pks = {sp Sv st) st}
I'® = 34, + 37, + 3#5 + 37y
I'® = 3%, + 3%, r€{2,3}; I'® = 3+, + 3%, r € {4,5}
(S)=—i for (r,j,f)=(1,1,4), (1,4,4), (1,1,28), (1,4,28), (2,1,4), (2,1,28),
3,1,4), (3,1,28), (4,1,4), (4,2,28), (5,1,4), (5,2,28).
( (Sf)=1 for (r,] f)= (1,2,4), (1,3,4), (1,2,28), (1,3,28), (2,2,4), (2,2,28), (3,2,4),
(3, 28), (4,2 4) (4,1,28), (5,2,4), (5,1,28).
d‘r S;)=—1 for (r ,Jj.f)=(1,1,25), (1,2,25), (1,3,25), (1,4,25), (2,1,25), (2,2,25),
(3,1,25) (3,2,25).
d,"(8y) =1 for (r,j,f)=(4,1,25), (4,2,25), (5,1,25), (5,2,28).
The symmetry combinations can be chosen as given on p. 2597

d @

and
12, 7, 323 125 12, 37,
$(1+1) 0 0 (1 —i) 0 0
0 (1 +1) 0 0 (1 —1) 0
0 0 $H1-1) 0 0 31 +1)
= {ES, ") (k,); r = 2,3}
3(1—1) 0 0 (1 +1) 0 0
0 (1 —1i) 0 0 H1+1) 0
0 0 (1 +1) 0 0 #(1—1)

{ES,"(k); r = 4,5} follows from {ES (K,); r = 2,3} on substituting

s 22 34 1z 2 32

Ty Tg Ty Ty Ty Ty

for the previous heading.
Symmetry at Ky = 3b, + by + by = a(3[ — 36, t,26.], 32671, §9,7)
Piyo = {81, Sy, Sas, Sag}
I'® =3+, 4 3%, + 3+, + 37y
I'® = 37, + 345, r€{2,5); ' = 34, + 34, r€ {3,4}

When allowance is made for the swapping of special set headings required by
the I'-decompositions, the kg results apply at k,, as well.

Symmetry at Ky = 3, + 3by = n(} 1, 2, 326,71, 3%,
Pka = {Sl’ S4> 525’ st}

' = 6#; ' = 37, re {2,3,4,5} where # is two-dimensional.
dj(r)(sf)= —i for (r,j,f)=(1,1,4), (1,4,4), (1,1,25), (1,4,25), (2,1,4), (2,1,25),
(3,1,4), (3,2,25), (4,1,4), (4,1,25), (5,1,4), (5,2,25).

d](r)(S)=i for (I‘,j,f)=(1,2,4), (1,3,4), (1,2,25), (1,3,25), (2,2,4), (2,2,25),
(324), (3.1,25), (424), (4,2,25), (5,2,4), (5,1,25).

dJ (Sf) 1 for (r ,j,f)=(1,1,28), (1,2,28), (1,3,28), (1,4,28), (2,1,28), (2,2,28),
(4,1,28), (4,2,28).
d,(S) = —1 for (r,j,f)=(3,1,28), (3,2,28), (5,1,28), (5,2,28).

Acta Chem. Scand. 26 (1972) No. 7
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{*Wplsay =

:+.@m°%e 0 0 ¢+:mh\e 0 0 (1—2) o\w 0 o (-1 w« 0

0 a+NVIO\~( 0 0 T:% 0 0 (r—g) o\ﬂ 0 0 c+:I\d

0 0 At&uﬁe 0 0 Tz% 0 0 cuasow 0 0o +n L
am+:% 0 0 -1 w( 0 0 aalsmb\w 0 0 :+:mwﬂ 0

o (-1 c\ﬂ 0 0 +1) We 0 0 E+:w\w 0 0 (-1 w(

0 0 (G~D A.v\w 0 0 :+:% 0 0 em+:|o\ﬂ 0 o (-1 L4
:mlbmo|\~e 0 o (-1 w« 0 0 (@41 o\ﬂ 0 0 a+:mh> 0

0o (g+D o\ﬂ 0 0 :+:m.W 0 0 amlzmol\w 0 0 AT:]\(

0 0 (E+D o\w 0 0 T+1) w« 0 o (-1 o\ﬂ 0 0o (-1 L4
:..slo\w 0 0 :+:muwle 0 0 A_+ﬁw\w 0 0 ((E80) w( 0

0 clﬁ \( 0 0 AT:% 0 0 t+agy 0 0 t+Dz 3

0 0 :..a\\e 0 0 t-Dgx O 0 t+e)gx 0 0 +Dgx

"¢ " Y Sge Tt 2 % %, b4 T2 T4

Acta Chem. Scand. 26 (1972) No. 7
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17(5) (1) (1) #(2) *(3)
(1 +1) 0 0 31 —1i) 0
0 3(1+1) 0 0 31—
0 0 3(1—i) 0 0
3(1—i) 0 0 3(1+1i) 0
0 3(1-1) 0 0 311+
0 0 1+1i) 0 0

0. 8. BORGEN ET AL.

= {ES,(k,); re{2,4}}

To recover {ES " (K,); re {3,6}} from the above matrix it suffices to apply

the new headmg

Ha Moy Pty Mg M Sy

Yo e Ry P Mw My e Me e Y faw )
114i) 0 0 0 0 0 0 0 0 31-i) 0 0

0 31+i) 0 0 0 0 0 0 0 0 31-i) 0

0 0 31—i) 0 0 0 0 0 0 0 0 HI—i)
1—i) 0 0 0 0 0 0 0 0 3(1+i) 0 0

0 31—i) 0 0 0 0 0 0 0 0 3(1+i) 0

0 0 31+i) 0 0 0 0 0 0 0 0 3I+i)

0 0 0 31-i) o0 0 3(1+i) 0 0 0 0 0

0 0 0 0 (1—1) 0 0 3 (141) 0 0 0 0

0 0 0 0 0 H1+i) 0 0 3(T+4i) 0 0 0

0 0 0 i(I1+i) O 0 31—i) 0 0 0 0 0

0 0 0 0 31+i) 0 0 ¥1-i) 0 0 0 0

0 0 0 0 0 1-i) o0 0 ¥I-i) 0 0 0

= {Esp(l)ko)}

Symmetry at K, = by = 7(0,0,33t,72).
The symmetry vectors are given by
{ES,"Vk,,)} = {ES,"(k,)} and by

{ES,
Symmetry at k., = $b, = (3 1t:72,0,0).
Pku = {sl’ S«v 825: Sas}

(3,2,4), (4,1,4), (4 2,4), (5,1,4), (5,2,4).
d."(S;) =i for (r,j,f)=(1,2,25), (1,3,25),

(k1)) = {ES,?(ky)}, T € (2,3,

b}
(3
d,(

(3,1,

,2,25

4,5)

(1’2’28),

),

(3,2,28),

(4,1,25), (4,1,28), (5,1,25),

Sq)=—i for (r,j,f)=
2

=(1,1,4), (1,2,4), (1,3,4), (1,4,4), (2,1,4), (2,2,4), (3,1,4),

(1,3,28), (2,2,25), (2,2,28),

(5,1,28).
(1,1,25), (1,4,25), (1,1,28), (1,4,28), (2,1,25), (2,1,28),
5), (3,1,28), (4,2,25), (4,2,28), (5,2,25), (5,2,28).

The obtained symmetry basis reads in the general case

Acta Chem. Scand. 26 (1972) No. 7
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= (Esp(l)(klﬂ)}

By M My
_Lg 0 0 0
0 _‘/_g 0 0
0 9 \/_g 0
) 0 0 0
2 —
0o M2 0 0
)
0 0o V2 0
2
0 0 0o V2
2
0o 0 0 0
0 0 0 0
0 0 0o V2
2
0 0 0 0
0 0 0 0

)

0

0

(=]

o kil o

N'tjlo =)

0
V3
2
0

1)

0

0

S e

4(a)

0

0

e e e M
0 0 _‘_\g 0
0 0 0 ‘;/22
0 0 0 0
0 0 i‘2/§ 0
0 0o o0 i‘gﬁ
0 0 0 0
0 0 0 0

vz 0 0
2 .

i/ 2 0 0
2
0 0 0 0
___‘\g 2 9 0 0
iv/g
o 5

For the special position symmetry sets we have

24

oy o M
V2
v2 ?
0 ig
0 0
V2
e _°
0 0

(1)

e M)
iv/g
2 0
o W2
0 0
iv3
XA 0
0 i)ig
0 0
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(2)

= {ES, 0 (kya)iT = 2,3}

2599

*%(a)

- -
o ©o o w‘ﬁ‘ o o wﬁo <
o )

0
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For {ES,"(k,); r=4,5} we use the above result and insert
Yy My PP = e = e =y
Symmetry at Ky = 3by + 3by = n(G " — 1t 12,1, §%6,71,0).
Pi,y = {81, 84, S35, S}
I'Y = 6#; I' = 3%, re {2,3,4,5}

where # is two-dimensional. This case is covered by the preceding one according
to

{Esp(l)(k14)} = {Esp(l)(k12)}'
{ESP(’)(RM)} = {Esp(Z)(k12)}’ re {2,5}
{Esp(r)(kl4)} = {Esp(d)(km)}’ re{3,4}

Connection with free molecule symmetry coordinates. It seems worth remarking
that the k,-results provide (external) symmetry coordinates for all free mole-
cules with point symmetry 2m (C,,).
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