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Intramolecular Exchange Rates from Complex NMR Spectra
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Equations for the lineshape in strongly coupled NMR ‘spectra of
molecular systems undergoing intramolecular chemical exchange have
been evaluated according to the density matrix theory of Kaplan
and Alexander, and a computer programme has been developed by
means of which the lineshape equations may be solved for up to
four-spin systems. Calculated R spectra at different exchange
rates in ABCD—»AA'BB’, AA'BB’—»A,;, ABC—A,B, and other types
of exchanging systems are presented and discussed. The validity of
approximate formulae and simplified procedures for the evaluation
of rate parameters from complex NMR spectra is also briefly discussed.

In the study of restricted internal rotation and interconversion of molecular
conformers it is often highly desirable to be able to evaluate the rate
parameters from NMR spectra of spin systems of more than two spins. For
example, in the limit of very slow inversion rate of the nitrogen atom in
N-methyl aziridine, the ring protons give rise to a complex AA'BB’-type
spectrum which in the fast inversion limit is converted into an A,-type spectrum
consisting of a single resonance line. A second example is provided by para-
substituted benzaldehydes. As shown by Anet and Ahmad?! the rotation of
the aldehyde group is restricted and the ring proton spectrum is transformed
from an ABCD-type spectrum at low rates of rotation to an AA’BB’-type
spectrum at high interconversion' rates. A large number of other examples
is given in the excellent and comprehensive review by Binsch.?

When a complex NMR spectrum has been encountered in the course of a
kinetic study, the stratagem usually employed is to reduce the complexity by
means of isotopic substitution (for example exchanging H for D) or by substi-
tution of & hydrogen atom with a methyl group, a halogen atom, etc. These
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methods of simplifying spectra have been used in the investigation of inter-
conversion processes in some dioxanes,? in benzofuroxans,? and in cyclohexane.?

Isotopic substitution is, however, often rather laborious and time-consum-
ing and, in order to be fully exploited, in addition commonly requires the
application of double irradiation techniques. Non-isotopic substituents may
have undesirable steric and/or electronic side effects on the process to be
investigated which are difficult to disentangle when the physical significance
of the kinetic parameters is considered. Sometimes simple first order or AB-
type lineshape equations have also been used for the evaluation of rate parame-
_ ters in spectra of higher degree of complexity than for which these equations
are derived.t8

Much is to be gained if the influence of rate processes on the lineshape in
complex spin systems could be calculated. In the present work we describe
the application of the theory of Kaplan %1% and Alexander 12 in the develop-
ment of a computer programme for calculations of the lineshape in NMR
spectra of strongly coupled spin system of up to four nuclei undergoing intra-
molecular chemical exchange.

THEORETICAL BACKGROUND OF THE COMPUTER PROGRAMME

In the absence of chemical exchange the equation of motion of the density
matrix p of a system of nuclear spins may be written

do ¢
where the brackets in the first term on the right hand side denote the com-
mutator of the spin density matrix and the Hamiltonian of the spin system
in the presence of a static magnetic field and a weak observing r.f. field. The
term I'(p) in eqn. (1) is added in order to take relaxation processes into account.
In the following we shall restrict our treatment to weak H, fields and the
relaxation term will be replaced by a simple damping term o/7T;— equal for
all off-diagonal elements of the density matrix in the energy representation.
According to Kaplan %10 eqn. (1) may be generalized to take intramolecular
exchange or rearrangements into account by adding to the right hand of the
equation an additional term (RpRg—pg)/r, where R is an exchange operator to
be further discussed below, and 77! is the probability of an exchange event.
The complete equation of motion of ¢ in the presence of chemical exchange
then becomes
do _ i e, RoR—p
dt - # [Q:H] T2 + T (2)
The exchange operator R is defined in such a way that if y is the wave function
of the spin system before an exchange then the wave function after an exchange
event is Ry, thus
y—>Ry (3)
The density matrix after an exchange event is obtained by a unitary trans-
formation
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o> RoR™ = RoR (4)

The equality in eqn. (4) is valid because R?=1— a second exchange event
will restore the wave function Ry to the original wave function y.

As basis functions for the representation of y we will use simple products
of the spin functions of the individual nuclei i

v, = ITu(lim,) (6)
The nature of the exchange operator R in eqns. (2) to (4) may be illustrated

for the case of intramolecular exchange in a four-spin system. The basis product
function may be written as a column matrix

DWW/ R ROTHHZR R™KR R R |
TRXDR THIHZIHR RW/KR AWK R R
TR RDDHRHR RJRR™R R
DR TOHDTWR R R TOH™™™KR R R ™R

where affin etc. are shorthand notations for «(1) f(2) f(3) «(4) etc. For an
exchange process in which nucleus 1 is exchanged with nucleus 2 and nucleus
3 with nucleus 4 the exchange matrix R becomes

R = ;o
I|

|' o @ o o

! a o f oo

‘, a oo B

B oo a

o faa

and the spin wave function after the exchange becomes ;Zﬁﬁ

Ry=|a B a

a fafp

BB aa

Boaalp

BB B

a B BB

BB B a

BB ap

BB BB
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The complete spin Hamiltonian, in a frame of reference rotating with the
angular frequency w of the r.f. field expressed in angular frequency units, may
be written

H = 31} (o;—w)+2n 2 J "D+ 35y1H, (6)
i i<y i

with the H, field along the negative z-axis and the H, field along the negatlve
z-axis and
w; = yiH(1—0') (7)

where ¢! is the screening constant of nucleus i.
The component of the resulting angular momentum in the z-direction is

F, = izlj (8)

If the observing H, field is weak, transitions between two spin states k and !
will be observed only if
M‘ = Mki]’ (9)

where M represents the eigenvalues of the operator F, defined in (8). If this
selection rule is combined with eqns. (2) and (6) one obtains the following
expression for the elements of the density matrix

doy _ 1 Qe
& = ;mRanmanl eu]— T,

—i 'Qu[;(wr’ w)[(l.l)kk“‘ (I.i)u] -}—Z;I“[(I"I} I (Izilxj Jud -+
+ g Il I I+ LT Ay +io lou—e) ST (10)

where I,i=1Ij+ilj, and w,=yH;. When I, operates on a spin function
U(I,m) the function is transformed into U(I,m+1). Consequently, when the
operator I ‘[i_+4I I j acts on a bagis spin function accordmg to eqn. (5)
the result will be zero if m;=m; and if m,#+m, the spin functions of nuclei
i and j are permuted.

The set of simultaneous equations described by eqn. (10) may be solved
numerically on an electronic computer. To obtain the spectral lineshape
under the quasi-stationary conditions of slow passage, all time derivatives
doy/dt on the left hand side of the equation may be set equal to zero.

In the density matrix formalism the ensemble average of the expectation
value of an operator Q is given by

Q) = geﬁQﬁ = Tr(eQ) (11)

Acta Chem. Scand. 24 (1970) No. 2



INTRAMOLECULAR EXCHANGE RATES 665

where Tr denotes the trace of the product matrix ¢Q. Eqn. (11) may be applied
to obtain the intensity of the absorption spectrum I(w) which is proportional
to the expectation value of I, in the rotating frame

I(w) = Im Tr (ka(zi:l+i)lk) (12)

where Im denotes the imaginary part.

From eqns. (10) and (12) the lineshape in NMR spectra of strongly coupled
spin systems undergoing intramolecular exchange processes may be calculated.
A Fortran IV programme named DENSMAT based on eqns. (10) and (12) has
been developed and applied to a number of practical problems.'3:14 Even on
a large and fast computer a complete lineshape calculation for a complex
spin system requires considerable computation time. In order to obtain a good
reproduction of the lineshape for a given set of spin coupling constants,
chemical shifts and rate parameters it is often necessary to solve eqns. (10)
and (12) at relatively closely spaced frequency intervals — from several
hundred to a thousand points on the lineshape curve may be required.

The present programme allows calculation of lineshapes in up to four-
spin systems but can easily be extended to larger spin systems. The theoretical
absorption intensities may either be obtained in printed or plotted form.

The following types of intramolecular exchange processes may be treated
by means of the present programme:

Slow exchange limit Fast exchange limit
AB A,
ABC or ABX A,B or A, X
AA'BB’ A,
ABCD AA'BB’

The notation above requires some comment. The notation refers only to the
effective type of spin systems obtained and does not indicate which nuclei
are exchanging. Thus in the case of ABC—A,B the nuclei designated by A and
B in the slow exchange limit may for example be considered to undergo
intramolecular exchange; in the case AA'BB'—»A,, A is exchanged with B
and A’ with B’, and finally in the case ABCD—AA'BB’, nucleus A may
undergo exchange with B and C with D.

The dependence of the lineshape on the rate of exchange in some of the
above types of systems will be illustrated below. The calculations in the present
paper have in part been performed on a CDC 3600 computer and in part on
an IBM 360/75 computer. For a given set of starting parameters each point
in the spectrum of a three-spin system requires ca. 0.07 sec on the CD 3600
computer and ca. 0.012 sec on the IBM 360/75 computer. For a four-spin
system the corresponding figures are ca. 1.7 sec and 0.29 sec, respectively.
Further details of the programme may be obtained directly from the authors.
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APPLICATIONS TO COMMON TYPES OF INTRAMOLECULAR EXCHANGE
PROCESSES

A) Exchange in two-spin systems. The AB—A, type of exchange process
is quite common in certain conformational equilibria, for example when protons
on a methylene group which are nonequivalent at slow interconversion rates
become effectively chemically equivalent at higher exchange rates. Analytical
expressions for the lineshape in this type of exchange have been derived by
Alexander 11,12 (c¢f. also Binsch 2) and applied to a number of investigations
and thus this case will only be briefly commented upon here.

From the equations by Alexander, Beauchamp (cf. Ref. 54 in Ref. 2)
derived a closed expression valid in the slow exchange region for the width at
half height (4v,) of the signals in the AB quartet:

= 1 4+J ,p[(¥a—78)2 +J 482" + 1
T T,

nd‘l'yz (13)

where v, and vy are the chemical shifts of nuclei A and B and J,j is the spin-
spin coupling constant. The plus sign in eqn. (13) applies to the outer lines and
the minus sign to the inner lines.

An expression for the calculation of the exchange rate v. at the point of
coalescence with the assumption that 1/7,=0 has been derived by Kurland
et al.:18

2
Te = o [(vs—vp)2+6J 527 (14)

Although these equations can be helpful for a preliminary evaluation of
exchange rates, recourse to the complete lineshape equations is recommended
for an accurate analysis.

B) Exchange in three-spin systems. The effect of chemical exchange of
nuclei A and B on the lineshape in a moderately strongly coupled ABC system
is shown in Fig. 1 (the parameter set employed is listed in the figure caption).
As is evident from Fig. 1 two lines remain essentially unbroadened by the
exchange. To understand this we may temporarily assume that the nonex-
changing proton can be treated in the X approximation. The two sharp lines
that correspond to transitions of nucleus X between those energy levels in
which the two exchanging nuclei are in the same spin states (xxf—>axx or
BBB—>BPx) regardless of whether the spectrum is of type ABX or A,X. Ob-
viously a spin exchange of nuclei A and B in an ABX spin system will leave
the spin states a(A) «(B) and B(A) B(B) unchanged. In a true ABX spectrum
therefore the two X transitions involving these states would be completely
unaffected by the intramolecular exchange process. The same type of reason-
ing applies also, although less rigorously, to moderately strongly coupled, or
rather ABK-type, three-spin systems where A and B undergo exchange, as
is illustrated by Fig. 1.

The appearance of two essentially unbroadened lines in some three-spin
systems as described above can be very useful for distinguishing between
inter- and infra-molecular exchange of the A and B nuclei in the ABX or
ABK case. As long as only inframolecular exchange occurs, the outer lines in
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Fig. 1. Examples of theoretically calculated
three-spin spectra of ABK-type which are
converted to an A,K spectrum by means
of fast interchange between A and B.
The spectra have been calculated with the
following values for chemical shifts and
spin coupling constants v, =0.0 Hz; vg=
5.0 Hz; vo=15.0 Hz; J,3=3.0 Hz; Jpg=
3.0 Hz; Jpg =3.0 Hz. A spin-spin relaxation
time T, of 1 sec has been used for these
calculations.
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Fig. 2. Examples of theoretical three-spin
spectra of ABC-type which are converted
to an A,B spectrum by fast interchange
between A and B. These spectra have been
calculated with v,=0.0 Hz; »5=5.0 Hz;
vc=6.0 Hz; Jop=3.0 Hz; J,c=3.0 Hz;
Jpe=>5.0 Hz, and 7',=1.0 sec.

the X or K part will remain sharp. However, if intermolecular exchange of the
A and B nuclei reaches such a rate that it effects the NMR spectra even these
X or K lines will become broadened. A molecule in which this effect can be
observed is 15N-formamide. The PMR spectrum of this molecule at slow inter-
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conversion rates consists of two independent ABK spectra displaced with
the N-H spin couplings.’® The rotation around the =C—N— bond re-

presents the intramolecular exchange, and the chemical exchange of the NH
protons represents the intermolecular exchange process. In principle it is
possible to evaluate the rates of both the intramolecular and the intermolecular
exchange from the NMR spectra.

A second important consequence of the appearance of lines in the ABK
or ABX case unaffected by intramolecular exchange processes is that the line
width of the unbroadened signals may be used for estimates of 7', of the nuclei
in the molecule undergoing exchange. In this way it may in certain cases prove
possible to obtain more reliable values of the intramolecular exchange rate
from lineshape analysis in the region of slow and fast exchange where the
exchange broadening of spectral lines is small.

In strongly coupled ABC spectra intramolecular exchange of two nuclei
affects all lines in the spectra as shown in Fig. 2.

In three-spin systems approaching the ABX-type in which nuclei A and B
undergo intramolecular exchange, the AB part may in the limit of slow ex-
change be decomposed into two AB-type quartets. Ganter, Sanford and
Roberts 8 have made the assumption that in ABX-type spin systems exchange
of A and B may be treated as exchange in two superimposed AB-spin systems
and employed the AB equations derived by Alexander to evaluate the ex-
change rate from the lineshape of the AB part. The present computer pro-
gramme allows a direct comparison of the simplified AB treatment with the
exact ABK or ABX treatment. As perhaps could be expected the use of
Alexander’s equations for the AB part results in lineshapes in close agreement
with the exact ABX treatment when |v,—vx| and |rg—vg| > Jix~Jpx

C) Exchange in four-spin systems. Two important cases of chemical ex-
change in four-spin systems may be treated by our present computer pro-
gramme. One of these is the AA'BB’—A, case which is encountered experi-
mentally for example in N-alkylsubstituted aziridines (I) as was mentioned
in the introduction

Ho Ho
Hb Hb
Ha' N ——— Hu' N/R
Hy \r Hy'

(interfering 14N quadrupole broadenings and spin couplings to the R substituent
may be removed by double irradiation). At slow rates of inversion the proton
resonance spectrum is of the AA’BB'-type, but at high inversion rates all ring
protons become effectively equivalent and their spectrum consists of a single
line. A set of spectra calculated at different characteristic life times for this
type of intramolecular exchange processes is shown in Fig. 3. The spectra are
symmetric with respect to (v,+wvg)/2 at all z-values. Sample calculations
show that the coalescence point, if defined as the temperature at which the
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Fig. 3. Examples of theoretically calcu-
lated four-spin spectra of AA’BB’-type
which are converted to an A, spectrum by
fast interchange between A and B; A’ and
B’. The spectra have been calculated with
va=v,"'=0.0 Hz; vy=vp'=250 Hz;
Jan'=Jgp’'=15.0 Hz; J,p=10.0 Hz;
Jap'=J,3=>5.0 Hz, and T,=1.0 sec.

10 c/s

N1

T = 100.0 sec

|
U/\W\L

Y= 0.020 sec

NN

1= 0.006 sec

7= 0.100 sec

v=10"% sec :

Fig. 4. Examples of theoretically calculated
four-spin spectra of ABCD-type which are
converted to an A,B, spectrum by fast
exchange between A and B; C and D. The
spectra have been calculated with
v,=0.0 Hz; vg=5.0 Hz; v:.=26.0 Hz;
1’D=35.0 HZ; JA.B= 15.0 HZ; JAC:' 10.0 HZ;
JAD= 6.0 HZ; JBD= 10.0 Hz: JCD= 12.0 HZ,
and T,=1.0 sec.

two halves of the spectrum have merged into one broad singlet with no dip
in the center, is obtained for v=0.0124 sec with the parameters used in Fig. 3.
An approximate value for the mean life time 7. at the coalescence point

may be obtained through the equation
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e — V2 (15)
2n(v,—vg)

which is valid for the coalescence of two singlets of equal intensity under the

assumption that 1/7,=0. With »,—»; equal to 25 Hz eqn. (15) predicts

a 7c-value of 0.00901 sec or a factor 1.4 lower than the “true” value given

above.

If the exchange rate at the coalescence is estimated from eqn. (15) the
resulting value of 4G+ will in the case discussed above be lower than the
correct value by about 0.2 keal/mol at 25°C. This accuracy may be considered
acceptable in a preliminary investigation. It seems likely that the errors
introduced in the parameters when eqn. (15) is applied should decrease as the
coupling constants in the AA'BB’ spin system (in particular M=J,,'—J gz’
and L=J,3;—J,5") decrease. Unfortunately, high computer costs at present
preclude additional calculations to test this assumption.

The second type of four-spin system in which chemical exchange can be
treated by our present computer programme is the ABCD—A,B, case. Ex-
amples of this type of system are found in para-substituted benzaldehydes in
which the ring proton spectrum is of ABCD-type at slow rotation of the
aldehyde group and of A,B,-type at high rates of rotation for this group.
A set of spectra calculated at different interchange rates for the ABCD—A,B,
case is shown in Fig. 4.

DISCUSSION

In the evaluation of intramolecular exchange rates from the lineshapes
in NMR spectra, complexity of the spectra is not necessarily a disadvantage.
On the contrary, a richness of spectral details may in fact allow increased
accuracy in the derived exchange rates, especially in the slow and fast exchange
limits. Experimental investigations which illustrate this are presented in the
two subsequent papers.

The application of the density matrix theory to spin systems involving
more than four nuclei is desirable. The difficulties involved in such an extension
are mainly of a computational nature. The calculation of one point on the
lineshape curve in a five-spin spectrum with our present programme would
require about 4 sec on an IBM 360/75 computer and the corresponding time
for a six-spin case is estimated to be 50 sec. A complete spectrum consisting
of 300 points will thus for a five-spin case require some 20 min and for a six-
spin case about 4 h of computation time. In a kinetic investigation a large
number of spectra must in general be calculated, and with present day com-
puters treatment of six-spin problems seems completely out of the question.
A somewhat unorthodox way of reducing the computer time required for
a kinetic investigation is to first calculate theoretical spectra at different
exchange rates using relevant spin coupling and chemical shift data and then
try to find the temperatures where the experimental spectra exactly match
the theoretical. This type of approach is presently under study in our labora-
tories.
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