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The well-known 'secular equation in the
problem of harmonie vibrations of poly-
atomic molecules may be put in the form 1,2

|GF — BL| =0 . (1)

Here G and F are the energy matrices in-
troduced by Wilson,! and ¥ is the identity
matrix. The @ matrix is composed of the
atomic masses and occasionally the struc-
tural parameters of the molecule, the F
matrix containing the force constants in-
cluded the interaction terms. Eqn. (1)
yields the familiar relations connecting the
force constants with the normal frequencies
of the molecule. The values of A are pro-
portional to the squares of the frequencies
(») accordmg to the equation

Ay = dnw) 2)

It should be emphasized that the number
of normal frequencies of & polyatomic mole-
cule in most cases is not sufficient for the
complete determination of the harmonic
force field. Therefore usually a simplified
force field, e.g. & valence force field is
assumed, or additional information, e.g.
normal frequencies from isotopically sub-
stituted molecules, or force constant values
from related molecules, are utilized.

Let now S be a column matrix consisting
of a complete set of internal displacement
coordinates and connected with the vibra-
tional normal coordinates (@) through the
linear transformation

S = LQ (3)
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The following relations involving the trans-
formation matrix L exist.

TFL = A @
& =LT G

Here ~ denotes the transpose of a matrix,
and A is a diagonal matrix with the ele-
ments A; given by eqn. (2). The symbol (>
will be used to indicate that the mean
value of each element of the matrix in
questlon has been taken, and the matrix

_<S§’> - (8)

will be considered. The elements on its
main- diagonal, viz.

Xy =88 (7)
have been called the mean-square amp-
litudes of vibration’’ and are of consider-
able interest in molecular structure studies
(see, e.g. Refs.35).

. The matrix X of eqn. (6) may be comput-
ed by means of the L matrix according to

=LAT . (8)

Where;A = (Q@") is ‘'a diagonal matrix
with the elements

= (h/8n2wp)coth(hyy[26T)  (9)

If the F' matrix has been established, and
with the knowledge of the normal frequen-
cies, the L matrix may be obtained
according to eqn. (1) by means of the stand-
ard method of characteristic vectors app-
lied to the GF matrix. This is the method
for computing mean-square amplitudes of
vibration which has been evaluated by
Morino et al.t

~ The progress in gas. electron diffraction
techniques has made it possible to produce
experimental values of root-mean-square

15



2136

amplitudes of vibration,® and it has been
proposed to utilize such measurements in
force constant determinations. It seems to
be doubtful whether the present electron
diffraction data of root-mean-square amp-
litudes are of sufficient accuracy to be of
practical value for this purpose. Never-
theless, we may hope that the accuracy still
will increase in the future. This discussion
indicates the desire of evaluating a method
for obtaining some information about the
force constants from given values of root-
mean-square amplitudes of vibration. The
above mentioned method of Morino et al.*
is in practice not convenient for such
computations.

From eqns. (5) and (8) a new secular
equation may be derived and written in
the form

| ZG1—EA| =0 (10)
This equation makes it possible to treat the
mean-square amplitudes of vibration simi-
larly to the treatment of force constants.
It may be applied to establish relations
connecting the normal frequencies and the
mean-square amplitudes including the
interaction terms, t.e. the off-diagonal X
matrix elements. Here again the number of
normal frequencies is usually not sufficient
for the complete determination of the X
matrix, but approximations may be per-
formed, and additional information about
the mean-square amplitudes may be utiliz-
ed. This method represents & new appro-
ach to the calculation of mean-square amp-
litudes of vibration from spectroscopic
data, being different from the method of
Morino et al.* Furthermore, if the com-
plete £ matrix could be established, it
would be possible to determine the L mat-
rix by the method of characteristic vectors
applied to the XG"! matrix. In consequence,
the potential energy matrix could be
obtained from the equation *
F =T\ L (11)

being a modification of eqn. (4).

Still another secular equation will be
reported, viz.

|ZF — EAA| =0 (12)

which may be deduced from eqns. (4) and
* The L™! matrix may be computed directly

by means of a modified form of equation (10),
viz, |G L—EA |=0.
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(8). According to eqns. (2) and (9), the
characteristic values of the X F matrix are

MAk = } by coth (hvy2kT)  (13)

Eqn. (12) yields relations containing the
elements from both of the matrices X and
F. These relations will be useful in combi-
nation with the relations obtained from (1)
and (12) if it is desirable to apply some in-
formation about the £ matrix elements for
determination of the elements of the F
matrix, and vice versa. Accordingly, such
computations may be performed without
determination of the L matrix.

It should be pointed out that the new
secular eqns. (10) and (12) will factorize in
precisely the same manner as the ordinary
secular eqn. (1) if & set of symmetry coordi-
nates is chosen.

Finally an isotope rule for mean-square
amplitudes of vibration will be reported.
The ordinary product rule for isotopically
substituted molecules as derived from eqn.
(1) may be written in the form !

Oew) =161 et g
4 .
where the quantities of the isotopically
substituted molecule are identified by an
asterisk. Using the analogous notation,
one obtains from eqn. (12)

. v,coth(hy,/2kT)
I ZINE =1 eothmtzer (19

If the mean-square amplitudes at the
absolute zero are considered, and the corre-
sponding matrices are identified by the
subscript o, one obtains

151128 = Dty = (adjent (16)

Some applications of the here presented
secular equations to specific problems, are
under preparation.
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