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Least Squares Computer Calculations of Equilibrium

Constants from Solvent Extraction Data *

JAN RYDBERG* and JAMES C. SULLIVAN
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The principle of weighted least squares was used for calculating
equilibrium constants from solvent extraction data. Two different
programs for digital electronic computers were developed, depending
on the type of complexes investigated. With these programs, the equi-
librium constants in the systems Th(IV)-acetylacetone-benzene-0.01
M NaClO,, and Zr(IV)-F~ (and -HSO;)-thenoyltrifluoroacetone-
benzene-2.0 M HC1O,, were calculated. The results are discussed and
compared with the equilibrium constants originally computed by
graphical methods.

The methods used for calculation of equilibrium constants from solvent
extraction data have been generally graphical in nature (e.g. Connick and
McVey 1, Rydberg 22, Dyrssen and Sillén 4, and Irving, Rossotti and Williams 8)
These methods do not give an objective measure of precision of the constants
and may lead to the calculation of more parameters than are justified by the
data. A more accurate procedure is to treat the data according to the prin-
ciple of least squares which leads to the best values and maximum number
of parameters together with their standard deviations.

The application of high speed digital computers to least squares calcula-
tions of complexity constants has been outlined in a recent paper (Sullivan,
Rydberg and Miller ¢). In that study, solvent extraction was discussed only
briefly. The purpose of the present paper is to give a fuller account of the
-application of these methods to solvent extraction data.

SOLVENT EXTRACTION EQUATIONS

Here we shall consider only the case when mononuclear complexes are
formed between a metal ion M¥+ and negatively charged anions A"~ and B*",

* Based on work performed under the auspices of the U. S. Atomic Energy Commission."
** On leave of absence from the University of Stockholm, and the Research Institute of
National Defense, Stockholm, Sweden.
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2058 RYDBERG AND SULLIVAN

and where only uncharged complexes MA B,, where v = (v— ps)/r, are extrac-
ted into the organic solvent. If @ is the partition ratio of all species of M
between the organic and aqueous phase, ¢ can be expressed in terms of con-
concentrations of the free ligands, [A’"] and [B*7], as

»
> A [AT) (B
Q=— (1)

N P
> D BulArT (B
n=0 p=1

where
_ MAB, L
"= AB @
and
__ [MAB,]
b = “DMOATBY R

In eqn. 1, P’ < P. For simplicity, charges are here omitted, and index “org”
refers to the organic phase, while index ’aq’’ or no index refers to the aqueous
phase. Brackets indicate concentrations, and it is understood that the equa-
tions refer only to experimental conditions, where the activity factors of all
species may reasonably be assumed constant; cf. Refs.”;8

Few solvent extraction studies of the formation of mixed complexes MA,B,
have been carried out.®:® Instead the purpose has generally been to study the
formation of complexes either with an inorganic or with an organic ligand, cf.
e.g. Ref.? The conditions are therefore usually chosen so that no mixed com-
plexes are formed, and so that only species of one of the ligands (say A) are
extracted into the organic solvent. Under these circumstances eqn. 1 can be

reduced to
0 LBJAT

N P
L+ > BAT + > B[BY

(4)

It is always possible to test if eqn. 1 or 4 is valid, ¢.e. if mixed or only simple
complexes are formed, by running experiments at various [A] for constant
values of [B]; ¢f. Ref.10

Here we shall consider only the cases of eqn. 4 when complexes with one
type of ligand can be neglected compared to complexes with the other kind
of ligand, 7.e. when XB,[A]"* is either much greater or much smaller than
Zp,[B]P. The experimental conditions can usually be chosen to fit these
mathematical conditions. For example, if complexes with an organic ligand
A are being studied, B is chosen to be C10; which is known to have a negligible
tendency to form complexes. Or if, for example, an inorganic ligand B is
being studied, which does not form extractable complexes with M, the condi-
tions are chosen so that in the absence of B the partition curve log @ versus
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CALCULATION OF EQUILIBRIUM CONSTANTS 2059

log [A] has the slope v, which means that complexes with A in the aqueous
phase can be neglected, i.e. Z8,[A]" (< 1.
Thus eqn. 4 can be written (choosing r = 1),

N
for > B[BY (< 1, BL — 5 D plar (52)
0

Introducing the abbreviations z = [A], y = 1/, and a, = $,/4,0y, eqn. 5a
can be written

N
y.zN = > a" (6a)
5
Similarly, eqn. 4 can be written (r = s = 1),
P
" Ay _ 1
for > AT <( 1, G =B 2P (5b)

Introducing the abbreviations z = [B], z = [A]*/@ and a, = B,/A,B,, eqn.

5b can be written P
Z = a,,xp (6b)
2

We shall for simplicity refer to eqns 5a and 5b as to the equations represent-
ing investigations on “extractable’’ and non-extractable’”’ complexes, respec-
tively.

Eqns. 6a and 6b are solved by the methods of weighted least squares as
outlined in a previous paper . The equations for the ’non-extractable”
complexes will be further discussed in a later section.

THE WEIGHT OF THE DATA

The weight w, for an individual observation 4 of unit weight is (cf., e.g.,
Ref.18) 2
w;, =1 /o',- (7)

where here a measure of the variance o7 is to be obtained from a consideration
of the errors o; encountered in the experimental work. If the weight of all
points is changed by multiplying the variances by a constant factor, this does
not change the values of the computed parameters nor their standard devia-
tions (i.e. a, + oa,, where s, is computed by external consistency), but
changes the value of Sy, Where

Smin = Zoo; Vi (8)

V, is the difference between the measured value of the function and that
calculated with the best set of parameters at that point. Sy, has the same
statistical distribution as X% (see, e.g., Deming 13 or Fisher 14) with % degrees
of freedom; as the weight is defined above, we can put Sp, = X2. Here, %
is the number of observations (L) minus the number of parameters minus I,
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2060 RYDBERG AND SULLIVAN

t.e. R = L—N—1. When the mathematical model (here eqn. 5) and the weights
are consistent with the experimental data, the mean value of X2/% will be equal
to 1, with a range of 4 0.5 at the 70 9, probability level (cf. Ref.14).

TYPES OF ERRORS IN SOLVENT EXTRACTION

We will obtain estimates of the weights by considering the random errors
encountered in the experimental work. It is assumed that systematic errors
are minimized by appropriate methods.

Only three measures of random errors will be considered, namely errors
in @ caused by errors in the counting when radiometric methods are used,
errors in ) caused by the measuring technique when other methods are used,
and errors in @ caused by errors in the determination of the free ligand con-
centration.

Errors in Q due to radiometric counting, oo(I). In radiometric measurements,
the partition ratio @ is determined from the specific radioactivities (s.e., counts
per min, cpm, for a fixed amount of sample) of the organic and aqueous phases,
Iorg and I.q, respectively; i.e., @ = Iog/laq, provided the measuring condi-
tions are equal for the samples from both phases. The corresponding standard
deviations o,y and .y are obtained from the number of counts measured;

if the time of mesurement is ¢, 0 = V' I/t (cf., e.g., Ref.1!). Thus we can define

wol) =@V (=) + (52) (9)

Constant percentage error in Q, oo(%). When @ is not directly calculated
from radioactivity measurements or when the analyses are carried out in so
many different steps that it becomes hard to separate the individual errors
involved, the error may be estimated from the spread of @ values at constant
ligand concentration. This error will be given in P 9, of the @ value; thus the
percentage standard error is

ao(%) = PQ (10)

Error in @ caused by error in the ligand concentration, oy(A) and oy(B).
The equations for the least squares treatment were developed on the basis
that [A] and [B] were free of error 812, However, this is not always the case,
though these errors can often be neglected compared to the error in the @
measurement. In order to make possible an approximate test of the influence
of an error in the free ligand concentration, this error has to be attributed to
@ as the present computor program is set up. It is possible to do so, if Q([A])
and ([B]) are known. At the present, we shall only consider the influence of
an error o, in [A].

A graphical function @Q([A]) is obtained from the smooth line through
the points of a log @ plot against log [A]. It has been shown 2 that this line
can be represented by

d log @ _
d log[A] v (11)
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where n is the mean ligand number. This equation may be rearranged to
give
d@ = 2303 Q (v—n) d log[A] (12)

If the standard deviation in log [A] is called o1 a, this equation can also
be written
0p(A) = 2.3 @ (v—"n) Giga (13)

provided o, is small compared to [A].*
Generally (in practice) oy(A) is >)> 0¢(B). When the error in [B] has to
be computed, equations similar to those above can be derived for oy(B).

COMPUTER PROCEDURE

Two computers of the Applied Mathematics Division of this laboratory were
used: the IBM 704 and the GEORGE. While the 704 program was only
designed for the so-called “extractable complexes” where v = N (equn. 6a),
the GEORGE program is set up to handle both “extractable complexes”
and non-extractable complexes’”’ because of the simpler mathematical form
of eqn. 6b. The input and output data of these programs are given in Table 1.
Both computors use a floating point decimal system.

When the 704 program is used for non-radiometric data, l.q 4+ 0aq is
replaced by 1 4 6o/@), and I, + ooy is Teplaced by @ + 0.

The programs are so arranged that when negative parameter values are
obtained, they are automatically omitted and the least squares computations
are rerun withouth them; however, the computations yielding the negative
parameters are always printed out.

The time at the 704 is about 20 seconds for feeding in the program and data
cards and carrying out the computations for a regular program, while the
printing out may take from less than a minute to several minutes depending
on the length of the problem (number of repetitive runs). The GEORGE
program, which uses punched tape, is slightly slower than the 704 program.

INVESTIGATION OF AN EXTRACTABLE COMPLEX **

As an example of the use of the least squares procedure on equations 5a
and 6a, the Th(IV)-acetylacetone-benzene-0.01 M NaClO, system (Rydberg 2)
was chosen (see Fig. 1).

Selection of errors. The procedure used in the experimental paper gives
directly Io, and I.,. The standard deviations goy and o,q are given for
some of the measurements; the rest could be obtained from unpublished pri-
mary data. From these standard deviations, oy(I) can be calculated accord-

* The logarithmic error o, x of a constant K 4 ¢y is equal to 04/2.303K only for small
values of 04 /K; e.g. for oy /K = 0.067, the error in the computed Olog K is 3 %; cf. e. g. Ref.13
** See definition p. 2069, and eqns 5a and 6a.
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2062 RYDBERG AND SULLIVAN

Table 1. Input and output data of the IBM 704 and GEORGE programs.

N
IBM 704, program 495/CHM 104: Equation z¥ Iaq/Im,8 = %}' a "
Input Output
Iaq + 0, x (given z, and 104 > z > 1074
Iorg + dorg Iaq/IOTZ =Yy
z (free ligand concentration, a, + 04,

10° > 2 > 10719)
Y (y computed with given equation and

N (L£8) a,, values above)
L (number of experimental points) oy
6,, (indicating a, parameters to be 1k

omitted)

¢, and c, (integer values between
1 and 10 for ¢, < ¢g)

P
GEORGE, program S-3-128: Equation z = X a,ab
[}

Input Output

z (or z’ or 2" according to eqn. 18) z 2 — W. and W-i
w.zl =W,
o, (or corresponding o/ and w") 0
P
z (free ligand concentration) Zapxi’
P (<10 a, and Ga,
0, (parameters to be omitted) P

L (number of experimental points)

ing to eqn. 9 (this is not necessary to do in practice when the program is run
on the 704 computer; see Table 1).

A constant percentage error was also tested. From the spread of points
with approximately identical z; values (see Fig. 1), a standard deviation of
4 0.046 log units was estimated. This corresponds approximately to a 10 9,
error in ¢. Thus according to eqn. 10, o4(%) = 0.10Q.

The [A] values are calculated from rather accurately known data, except
for the pH value; the pH error was assumed 2 to be 4 0.02. Because all error
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Fig. 1. The Th(IV)-acetylacetone-benzene-0.01 M NaClO, system. Log @ as a function
of —log[A~] computed with parameters obtained for & gQ(I,A) error (solid line) and a

60( 9,) error (broken line). The shaded area indicates the precision of the computed curve.

in [A] can be attributed to this pH error, we can write oi,g o = opa = 0.02.
Introducing this into eqn. 13 gives

oo(A) = 0.5 Q (v—7) (14)

The value »—n is obtained from eqn. 11.
It shall be assumed that oy(A) occurs only in combination with the usually
much larger oy(I). The combined standard deviation in @ is then

ao(LA) =V (0gD)? + (0o(A))? (15)

These standard deviations will be used below to assign weights to the data.
Results of the X2 test. When the data were run on the IBM 704 computer,
the a, values obtained were negative and had standard deviations around or
in excess of 100 %, Since negative parameters are of no significance as the
equations are derived in this paper, a, had to be discarded. Only four para-
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2064 RYDBERG AND SULLIVAN

Table 2. Computation of X2/k for various kinds of errors and various weighing factors
in the thorium acetylacetonate system; the left part contains % (I,A) errors and the right
part % (%) errors.

o, (I) 0.5 1.0 2.0 3.0 4.0 1o, (%) = est.
0 10 9, error
o, (A) ek 2k vk 2k 2k a0, (%) | ik
0 22.4 5.73 1.43 0.62 0.36 0.5 20.6
0.125 17.9 5.32 1.40 0.63 0.36 1.0 5.14
0.25 12.2 4.82 1.33 0.61 0.35 1.5 2.28
0.50 6.84 3.03 1.12 0.56 0.33 2.0 1.28
0.75 4.61 2.19 0.91 0.50 0.31 2.5 0.82
1.00 3.46 1.69 0.76 0.44 0.28 3.0 0.57

meters (aq, as, @3 and a,) were therefore considered in the following. We shall
thus assume that eqn. 6a with these four parameters is the correct mathema-
tical model for our experimental data.

The x%/k values obtained in the various runs are given in Table 2. The
table reveals that the o,(I) value of 1 assumed on the basis of the number
of radioactivity counts is too small (i.e. X2k is too big, 5.73). The weight should
rather correspond to 2 or 3 times gy(I) (i.e. w; = 1/(2 or 3 times oy(I))?), some-
what depending on the correct size of gy(A); a consistent combination is found
for 2”¢4(I)” and 0.75”¢y(A)”. These values seem also reasonable from an
examination of the original paper; while the pH error may be slightly overesti-
mated, probably the I, and I,; values involve some other errors than the
counting errors only; cf. Refl

From Table 2 it is also seen that, if a constant percentage error was justified,
it should have been 2.5”gy(%,)” rather than 1764(%)”, where loy(%) corre-
sponds to an estimated 10 9, error in . This can be interpreted as an average
25 %, error in the primary @ values, corresponding to + 0.11 log units. A
reinspection of the points in Fig. 1 does not make such a poor precision in @
improbable.

The equilibrium constants. The parameter values obtained for the various
kinds of errors and with different weighing factors are given in Table 3. It
is indicated in the table that the parameters and their precisions are unchanged
if the errors (here oy(I) and 04(%)) are multiplied by a constant weighing
factor. However, there is no constant factor relating the various oy(I,A)
errors to each other (see eqn. 15); therefore a, 4 o4, varies with these errors,
though within a rather limited range. The overlapping of the a, values illu-
strates that this is an illconditioned system.

The parameters obtained for the 2”¢y(I)”—0.75"gy(A)” combination are
given in Table 4, together with the equilibrium constants calculated from the
relations

k, = a,ja,_1 (16)

and Ay = 1/a, (17)
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Table 3. Parameter values (2,10%, a,101%, a;10? and @,10%) and y*/% (within parenthe-

sis) obtained for the thorium-acetylacetone system when various kinds of standard devia-

tions are multiplied by a constant weighing factor. The upper group corresponds to a

counting error only, and the lower group to a percentage error only (parameter values

independent of weighing factor), while the twelve central groups represent mixed counting
and ligand errors (eqn 15).

ap(D) |
0.5 1.0 2.0 4.0
o'Q(A) '
0.510 + 0.098
0 0.181 + 0.006
................ 0.252 + 0.022
) 0.344 + 0.060
(1.43 for 2” o9 (I)")
0.500 + 0.095 | 0.508 + 0.096 0.509 + 0.097 0.509 + 0.098
0.181 4 0.007 0.181 + 0.007 0.181 +4- 0.006 0.181 + 0.006
0.125 0.253 + 0.022 0.253 + 0.022 0.253 + 0.022 0.252 + 0.022
0.346 + 0.053 0.345 + 0.057 0.344 + 0.059 0.344 + 0.060
(17.9) (5.32) (1.40) (0.36)
0.418 + 0.092 0.474 + 0.093 0.500 + 0.095 0.507 + 0.097
0.183 4 0.009 0.181 4 0.008 0.181 + 0.007 0.181 + 0.007
0.50 0.250 + 0.024 0.252 + 0.023 0.253 + 0.022 0.252 + 0.022
0.347 + 0.038 0.347 + 0.045 0.346 -+ 0.053 0.345 + 0.058
(6.84) (3.03) (1.12) (0.33)
0.366 -+ 0.093 0.417 + 0.092 0.474 -+ 0.092 0.500 + 0.095
0.187 + 0.011 0.183 + 0.009 0.181 + 0.008 0.181 + 0.007
1.0 0.240 + 0.025 0.249 + 0.024 0.253 + 0.023 | 0.253 4 0.022
0.342 + 0.034 0.347 + 0.037 0.347 + 0.045 0.346 + 0.053
(3.46) (1.69) (0.76) (0.28)
0.366 + 0.070
0o (%) | e 0180 £ 0.018 .. ...
0.259 + 0.045
0.330 + 0.047
(1.28 for 20 9, error)

Table 4 also contains the primary constants g, and g, given in the original
paper, where v = f4_,/B,.

The least squares method shows that the experimental data are not accurate
enough to provide two separate equilibrium constants k, and k,, which domi-
nate in the lowest @ region. Thus it is not possible from the experimental data
to prove the existence of the first complex, MA3*, while the results support
the presence of all the other complexes (MA2+, MAT and MA,). The computa-
tions of separate &, and k, values in the original paper has been somewhat
biased, because of the reasonable chemical assumption that all stepwise com-
plexes should exist. The k; and k, values of the ligand number and limiting
value methods are therefore given within parenthesis in Table 4.
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From Table 4 it is seen that if only the numerical values of the constants
are considered (e.g. comparing log k,k, of the least squares method with the
log %k, 4 log k, given with the other methods), the values of the different
methods agree well.

Fig. 1 shows the primary data and two curves passing through the points.
The solid curve is computed with parameters obtained with the oy(I,A)
error, and the dashed curve is computed with the parameters of the oy(%)
error (parameters found in Table 3). The shaded band indicates the standard
deviations in the computed @ values due to the os, error. Approximately
the same precision is obtained with the computations based on the oy(%)
error, as expected from the approximately identical os,/a, values (see Table 3)
for the two kinds or errors.

INVESTIGATION OF NON-EXTRACTABLE COMPLEXES *

The complex formation between Zr(IV) and F~ and HSO,  in 2M H* are
chosen as examples (Connick and McVey !) of investigations of inorganic sys-
tems, i.e. where Xf,[A]* ({1 in eqn. 4.

Development of suitable equations. In this case eqns 5b and 6b are valid,
because complexes formed between Zr(IV) and ligands other than F~ and HSO,~
in the aqueous phase are neglected 1. The organic phase (benzene) is supposed
to contain only the organic ligand thenoyltrifluoroacetone (HTTA), and its
extractable Zr(TTA), complex. It can be found that at constant hydrogen ion
concentration, [TTA™] = const. [HTTA],,. Eqn. 5b can be written

P
, ([HTTAR) 1 1
i (‘_Q >m] QT @ Z_Oﬁ”[mp’ (15)

where [B] = [F] or [HSO,”]. @’ is sometimes called the normalized distribu-
tion ratio. Since f, = 1, it' follows that at [B] = 0, Q' = Qq, i.e. Qo is the
normalized distribution ratio in the absence of any complexing inorganic ligand.
Eqn. 18a can easily be rearranged to

Q— Q'
2=t = B BP+ ... 18b
which shall be used below in the F~ case.

Preparing the data for the computer; selection of errors. Eqns 18a and 18b
can be solved by the least squares method using the GEORGE program.
The parameters computed for z’ will be a, = f,/@, and for the z'’ data
a, = fp41 for 0 < p < P. In both cases it is assumed that only z contains
errors. If the standard deviations corresponding to 2z’ and 2'’ are called ¢’ and
¢'’, it can readily be shown that

* See definition p. 2059, and eqns 5b and 6b.
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2068 RYDBERG AND SULLIVAN

o' = P|Q’ (19a)

=ve((%)

where P is the percentage error in @’ and Qo (assumed to be identical). With
these standard deviations the weights are computed according to eqn. 7 for
known P values.

The standard deviations in @ can be estimated from the experimental
data to be about 4.2 9, (using the 5 points on the line in Fig. 1 and in Table 1
of Ref.!). Thus we have P = 0.042,

Results on the Zr(1V)-HSOg-system. This system was tested according to
eqns 18a and 19a. For P > 3, the higher parameters turned out negative or
with standard errors over 100 9,; thus it could be established that only three
complexes between Zr(IV) and HSOz had to be considered.

Using the primary data and the equations to compute @’ from them (eqn.
17 in Ref.1)* four positive parameters were obtained, from which the three
constants f,, f, and f; were calculated. With the 4.2 9, standard deviation,
X2k is 1.00, demonstrating consistency with the estimates from the primary
data.

The equilibrium constants k%, k, and k; are given in Table 5, together with
Connick and McVey’s original results. The agreement is found to be quite
good.

Results on the Zr(IV)-F~-system. This system was investigated using
eqns 18b and 19b. (The Qo value was taken from Table III in Ref.l) With
the data run on GEORGE, three positive parameters f,, 8, and f; were obtain-

(19b)

* There seems to be some inconsistency between the primary data and E,; in Table III of Ref.*

Table 5. Equilibrium constants and their precision for the Zr(IV)-HSO,” and -F~ com-
plexes investigated by extraction of the Zr(TTA), complex into benzene!. Constant
ionic media: 2 M HCIO, at 25°C.

Equilibrium constants
Ligand Reference
ky ky ky
- 41 * .

HSO, 460 5344 * 1- 0.5 Connick and McVey

» 431 4-30 *** 54 L7 *¥** 0.83 +0.43 *** This work
F- (6.3 4+0.6) 105** (2.1 4:-0.2) 104** (6.7 £2.0) 103** |Connick and McVey

» (6.304+0.52) 10% | (1.94+0.22) 10¢ (7.5+1.1) 102 |This work

* Standard deviation in k, is estimated ! to 8 9, and in ks to plus or minus a factor of 2
** Standard deviations in k, and k, is estimated to 10 %, and in k; to 30 %.*

*** Computed with Ez from Ec, v and (I*IK)b according to eqn. 17 in Ref.!
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ed. In order to obtain 2%2/k = 1.00, the standard deviation in @’ and Qo has
to be 6.3 %,. Thus, in this case, the original estimate of 4.2 9, was somewhat
too small.

The equilibrium constants are given in Table 5; they are seen to agree well
with those given in the original paper. Particularly impressive is the good
graphical estimates of standard deviations in the equilibrium constants
made by the original authors.

Using the equilibrium constants computed with the least squares methods,
Q' can be calculated as a function of the free ligand concentration, and the
curves thus obtained may be compared with the corresponding curves in the
original paper. The curves for both the F~ and HSO; systems were found to
coincide over the investigated range with the curves given in the original

paper.
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